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Most work (mine included!) based on 1-off combinatorial insights.

 Difficult to come up with. @

 Difficult to generalize. @

General recipe for designing low-recourse algorithms?
LP Relax-and-Round?
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Maintain x’ € K, = {x | Ax > 1}.

Minimize distance traveled,

- t —1
e ) llxf = x|,
4

News: O)(71) competitive algo.

& [x]

News: Q(\/E) lower bound,
even for £';.

Too weak for most applications... @
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Can We Exploit More Structure?

News: All problems covering/packing! _
P J/PACKINg Kt_{x|Cx21,PxS1}@
Positive Body Chasing

News: O(log ) competitive algo for pure covering! Kt — { X | Cx > 1 }

News: Q(\/;) lower bound even for Positive Body Chasing in Z;. @

Thanks to for pointing this out to us after we wrote the paper!

... and we would have stopped here had we known before.
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Yes! Positive Body Chasingin

Theorem |Bhattacharya,
Buchbinder, L., Saranurak]:

Positive Body Chasing with
movement O _(logn) - OPT.*

*Allow Plx < 1 + €.

t pt Exponential iImprovement over general chasing!
C’, P' have P P g g
nonnegative
entries Dynamic analog of LP solver.
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1. Instance optimal guarantee. 2. Bounds are robust to batching.

E.g. Our Matching/Spanning Tree algos

51 \ Vi handle both edge + vertex updates.
)

Vs
‘{‘(/ 3. Sometimes absolute recourse impossible.
Y
33 \ V3 show any o(log) approx. for fully-
\ dynamic load balancing needs poly(n) - T
S4 ‘ Vy recourse.:
“ITo circumvent the negative result,
Ss Vs one needs to consider a different
measurement for recourse for the
/ fully dynamic model.”
S6 V6

Competitive recourse is the answer!
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Step 0: Reduction to Chasing Halfspaces

From now on, we assume every body is either covering halfspace
X +x;+x 2> 1

or packing halfspace
Xy +x3+x, < 1.

|.e. all coefficients are positive, variables on same side of <.
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l' l

When covering constraint arrives When packing constraint arrives

(for
some
small o)

min KL(x|[x""!) s.t.
X

min KL(x+ 6| |x" 1 +6) st

A= (chxy=1 () A= (phxy<l+e ()

x>0 x>0

[

_plt
X, — x;-e P

By KKT: X+ 6« (x; + 8) - e

Multiplicative weights update (almost)!
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(Upwards) 7, movement can be written as an LP!

min Z Z fl.t s.t.
td

Vi e C: (c’,x") > 1

(P) v cP: (p,x") <1
Vi, t: xi—xITh < £1
x>0

We fit a dual to ALG’s solution! How?

(D)

max Z yh— Z 7' st

={0 teP
Vi, t € C: cy'=rf+rt <0
: : it it t+1
Vi,te P: p;z—ri+r, <0
Vi, t 0<r <1
y,2 20
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How to analyze? The Primal-Dual Method!

min KL(x +8||x"1+6) st

X

max F— % 71 st
(c,x)y=1 () ;y EZP
x 2 Vi,t € C: cl.tyt—rit+rit+1§0
min KL(X‘ ‘xt—l) s.t. (D) Vl, re P: —pl.tzt — I”l-t + FiH_l <0
Vi, t 0<r <1
(phx) <1+e¢ (Z)

> ()

X Z 0 Y, < Z

1 +4n/e
Use the Lagrange multipliers from the convex program!  Set r = log .
1 +4n-x-1/e



The Proof



The Proof

Lemma 1: (y,z,7) scaled downby O(log(n/€)) feasible to (D).



The Proof

Lemma 1: (y,z,7) scaled downby O(log(n/€)) feasible to (D).

Proof: straightforward checking.



The Proof

Lemma 1: (y,z,7) scaled downby O(log(n/€)) feasible to (D).

Proof: straightforward checking.

Lemma2: ALG < O (é) [ny— sz].



The Proof

Lemma 1: (y,z,7) scaled downby O(log(n/€)) feasible to (D).

Proof: straightforward checking.

|
Lemma2: ALG < 0O | — [ - zt]. (Dual objective)
(2)[Zy-3



The Proof

Lemma 1: (y,z,7) scaled downby O(log(n/€)) feasible to (D).

Proof: straightforward checking.

|
Lemma2: ALG < 0O | — [ - zt]. (Dual objective)
(2)[Zy-3

By weak duality:



The Proof

Lemma 1: (y,z,7) scaled downby O(log(n/€)) feasible to (D).

Proof: straightforward checking.

|
Lemma2: ALG < 0O | — [ - zt]. (Dual objective)
(2)[Zy-3

By weak duality:

Theorem LS|

1 n
Positive Body Chasing with movement —( (log (—) ) - OPT.
€ €
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Relating ALG and Dual Objective

This part is annoying, since we

1 / / lose dual money.
Lemma2: ALG S O | — Zy—Zz :
€ New contribution of our work Is to
handle this!

Using KKT conditions + non-negativity of KL-divergence:
€ Linear
Lemma 2a: ALG < (1 + Z) 2 v combination
!

gives Lemma 2.

l.e. violate packing by €.

€ Slack for this argument needs
Lemma2b: O < | 1+ Z Z yt — (1 +¢) Z rad resource augmentation,
t t
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Comparison to Online Covering

Online Covering Our KL Projection Algorithm
min KL(z+3||x'+5) st min KL(z+6||x"1+5) st min KL(z||x"™) st
(c',z) > 1 (c',z) > 1 (p,7) < 1+e
x>0 x>0 x>0
Our algorithm reduces to for pure covering.

Guarantees are tight in that case!
Covering/Packing asymmetry is crucial for our analysis.

Was a barrier to prior work.
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Steiner Point Algorithm for Convex Body Chasing Our KL Projection Algorithm
&

Memoryless! Feature or bug?

w(x) := optimal cost of chasing bodies so far, then moving to x.
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Improved Guarantee

We actually show:

Theorem L

1
Positive Body Chasing with movement O (— log (J—C) ) - OPT.
€ €

f := max row sparsity of any covering constraint. Can show that improved guarantee
impossible with online duals.

Improvement crucial for some applications! __
e.g. Hyperedge orientation. To overcome, we go back in time and

modify old duals. (ALG still online!)
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cover @ time 7.

K,=4X Zx521 Ve € U', ZXSS,B-OPTt
S3e \)

Theorem LS|: best recourse
required to

Dynamic Set Cover with: OPTrecourse(F) = i 5
(1) Approx 0(log n) . OPT". / approx.

(1) Recourse 0(1()g2 n) + OPTrecourse(O(1)).
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Rounding algo (O(log n) version):

1. Give each set A¢ ~ Exp(log n) before game begins.
2. Hold set S in solution iff xg > As.

Why good idea? Exp is memoryless, so E[S'AS™!] logn - Ax.
Zt Ax bounded by fractional algorithm!

Cost of solution is O(logn) - - OPT’, feasible w.h.p. @ every time .
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Sample Application 1: Set Cover

K,=4X 2X521 Ve € U', ZXSS,B-OPTt
S3e \)

Rounding algo (O(f) version):

1. If xg goes above 1/f, buy S. Covering constraint sparsity
f := max # sets any

2. If xy drops below 1/2f, remove §. element is in

Cost of solution is O(f) - f - OPT" and feasible.

Can charge every set purchase to 1/2f movement of fractional solution.
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Sample Application 2 : Bipartite Matching

K =4x erSI Vvel, ZXQZ,B-OPTt
e€d(v) e

Rounding algo:

1. Maintain subgraph H containing (1 — ¢) matching with _ o
Zt \HtAHt_l = O(log n) Zt Ax (We call this a stabilizer!)

2. Run absolute recourse algorithm on H:
(1 + €) approx with O(e ") recourse.

Matching recourse = O(e™!) - [# edges updates to H] = O(e™!) - [O(log ) - OPTrecourse(B)]-
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Conclusion

Introduce fundamental primitive (mixed packing cover LP) to dynamic algos.

Theorem L.

1
Positive Body Chasing with movement 0 (— log (£> ) - OPT.
€ €

Use to give SotA algorithms for Set Cover, Matching, Load Balancing, MST.

Open Questions:
Rounding for other problems? Upcoming results on stable clustering!

Close Gaps! We are off by log”*(1/¢).

Other important + tractable families of Convex Body Chasing?







